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The chemical potential plays a central role in the analysis of polymeric solutions under flow, not only from a thermodynamic perspective ͓3,5,6͔, but also from a dynamical one ͓2,9͔. Indeed, to mention only one well known example, the dynamical equation describing the evolution of the concentration c is, according to Helfand and Fredrickson ͓9͔,  
where is related to the diffusion coefficient D by Dϭ(/k B T)c, k B is the Boltzmann constant, is the chemical potential of the polymer, and the balance equation for the linear momentum u is taken to be ‫ץ‬u ‫ץ‬t ϭϪu•"uϩ 0 ٌ 2 uϪ"•P ϩ͑"c ͒. ͑2͒
Out of equilibrium, one cannot rely directly on classical thermodynamic stability requirements, and one analyzes the dynamical stability of Eqs. ͑1͒ and ͑2͒, complemented with an evolution equation for P as given, for instance, by the upper-convected Maxwell model ͓10͔. To close this set of equations, an equation of state for the chemical potential is necessary.
Our first aim is to explore the form of the nonequilibrium free energy for a polymer solution, when one takes as a nonequilibrium variable the viscous pressure tensor P or, alternatively, the macromolecular configuration tensor W, defined as Wϭ⌺ i W i , with
where Q i are the vectors related to the ith normal mode of a macromolecule, H the elastic constant of the springs in the bead-and-spring model of macromolecules, and U the unit tensor. Recall that P i , the contribution of the ith mode of the macromolecule to the viscous pressure, and W i are related for a dilute polymer solution through the Kramers relation Both P and W have often been used as nonequilibrium variables: the first one in extended irreversible thermodynamics ͑EIT͒ ͓4,11-13͔, and the second one in theories with internal variables ͓14,15͔. Each choice has its own motivations and advantages, and therefore, it is logical to try to relate them. In particular, we want to clarify the form of the free energy and of the chemical potential.
In equilibrium thermodynamics, several choices of variables may contain the whole information on the system, provided that one uses the suitable thermodynamic potential ͓16͔: the internal energy U (S,V,N) , when S ͑entropy͒, V ͑volume͒, and N ͑number of molecules͒ are taken as variables; the Helmholtz free energy F(T,V,N) when T ͑abso-lute temperature͒ is used as variable instead of S; or the Gibbs free energy G (T,p,N) , when S and V are replaced by T and p ͑pressure͒. These thermodynamic potentials are connected by Legendre transforms, which allow one to pass from one choice of variables to another without losing information. However, information is lost if thermodynamic functions are not expressed in terms of their natural variables, as for instance S (T,p,N), or F(T,p,N) .
Here, we examine a Legendre transform connecting a nonequilibrium free energy F 1 (T,V,N,VP ) depending on the viscous pressure tensor P , and a nonequilibrium free energy F 2 (T,V,N,W) depending on the macromolecular configuration tensor W. The first variable is more macroscopic than the second one, and is especially suited for the description of nonequilibrium steady states, whereas the second one is more useful for a microscopic understanding of the problem. To simplify the analysis, we consider only one normal mode of the macromolecule and a dilute polymer solution. According to EIT, the Gibbs equation in nonequilibrium has the form ͓11͔
where we have used the relation P ϭϪJ Ϫ1 W to write explicitly the conjugate of VP . We can thus write for the free energy F 1 the expression
in which S has been replaced by T as independent variable. If, instead of VP , W is preferred as the independent variable, the corresponding free energy F 2 would be
The use of the adequate expression for the free energy is essential to obtain correct results for the chemical potential. Indeed, in equilibrium thermodynamics it is well known that ͓16͔ ϭ(‫ץ‬F/‫ץ‬N) T,V ϭ(‫ץ‬G/‫ץ‬N) T,p , but, in contrast, (‫ץ‬F/‫ץ‬N) T,p . Similarly, in the presence of a viscous flow the chemical potential would be given by
.
͑8͒
It follows that both VP and W can play the role of independent variables in the definition of the chemical potential, provided one uses a correct expression for the free energy. Unfortunately, misunderstandings about the definition of in nonequilibrium situations ͓5,17͔ have been very influential in the literature and constitute a serious difficulty to assess the validity of thermodynamics in nonequilibrium steady states.
To explicitly illustrate this discussion, consider, in accordance with the integrated form of Eqs. ͑4͒ and ͑5͒,
where F eq (T,V,N) stands for the local-equilibrium free energy. Also, taking into account Eq. ͑6͒, the corresponding expression for the free energy F 2 is
or, using Eq. ͑9͒,
In contrast, if one writes directly F 1 in terms of W, i.e., if one simply expresses VP in terms of W in Eq. ͑9͒, one gets
Note the different sign in the nonequilibrium term in Eqs. ͑11͒ and ͑12͒, which yield therefore opposite predictions for the nonequilibrium contributions. The corresponding expressions for the chemical potential will be
It is easy to see that Eqs. ͑13͒ and ͑14͒ coincide. In contrast, these results are different from those obtained by direct differentiation of Eq. ͑12͒, namely
͑15͒
The chemical potential ͑15͒ is incorrect and the qualitative trends predicted on the shear-induced shift of the critical temperature are opposite to experimental observations, which are well described with the correct form ͑13͒ or ͑14͒ of the chemical potential.
Here we have discussed how the two most usual choices of the nonequilibrium variables ͑the configuration tensor and the viscous pressure tensor͒ are related through a Legendre transform; although this concept is well known in equilibrium ͓16͔, to our knowledge, it is proposed here for the first time in the context of nonequilibrium variables in flowing polymer solutions. In the literature, different forms of free energy with nonequilibrium contributions are found. How-ever, since not enough attention has been paid to the variables used for it, these forms do not always lead to correct expressions for the chemical potential in such a way that the predictions reached with some forms of the free energy are opposite to the predictions reached with the same free energy written in terms of other variables, but without the necessary Legendre transform. The clarification of this point is essential to progress in this field.
